Abstract. Let G be a finite p-group and denote by X",(G) the members of the lower central series of G. We call G of type (m, n) if (a) G has nilpotency class m -1, (b) 
idea of M. Lazard [8] exploited in [6] .
We close by §4 with sharpening our results obtained in § §2 and 3 for p-groups of maximal class.
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This work is a part of my doctoral thesis done under the kind supervision of Professor A. Mann. I wish to express my thanks to Professor Mann for his aid during the preparation of it. I am indebted to the referee for pointing out an error in the original version. 0. Notation. We follow the notation of [4, III] . Let Here [c, b] For every / > 1 let K¡(G) and ZfG) be the j'th member of the descending and ascending central series of G, respectively. Abbreviate ZX(G) by Z(G) and the nilpotency class of G by cl(G). Denote by F(G) and 0(G) Fitting and the Frattini subgroup of G, respectively (see [4, III] ). Let p be a fixed prime number. For every natural n, tin(G) = (x E G \ xp" = 1), Ö"(G) = (xp" \ x E G) and abbreviate the exponent of G by exp(G). Aut(G) stands for the group of automorphisms of G and if G is abelian then End(G) stands for the endomorphism ring of G. For every a E Aut(G) and * G G we denote the action of a on * by x" and write [x, o] for x~xx". These commutators are defined in the semidirect product of G by Aut(G); hence all the rules for commutators hold for them. Write "// AG" for "// is a normal subgroup of G".
For every element (subgroup) x (X) of G denote by x (X) the inner automorphism (group) of G induced by * (X). We shall use freely the following identities of commutators [4, III, pp. 253, 254] Finally, we recall the collection formula [4, III, p. 317] : For every a, b E G, (ab)"" = ap"bp"c(/)...cy")...cp", c, E K, ((a, b) ).
1. Basic results. Let G be a p-group of type (m, n), m 2= 4. For ; > 2 define G, = K¡(G) and for i = 1 define G, by Gx/G4 = CG/cfG2/G4). If there exists a natural number k such that, for every /', / > 1, [G,, G-] < Gi+j+k, then following N.
Blackburn [1] , we say that G has degree of commutativity k. We shall need the following basic properties of p-groups of type (m,n), which we state without proof. They follow easily from the results of N. Blackburn in [1] .
Let G be a p-group of type (m, n), m > 4. Then (1.1) There exists an element sxE G such that G, = G2(sx) and G = (s, sx), for every s E G\GX<5?(G). If for i > 2 we define i, = [s,",, s] then G, = <G,+ 1, s).
Every element in G can be expressed uniquely by sa°sx'.. .s?1.. .s%"-x', a, E Z, 0 <a, <p".
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (1.9) Let G be metabelian and let s E G \ Gx<b(G) and for i > 1 let s, be as defined in (1.1) . Then (1.11) In the sequel we shall work in metabelian p-groups of type (m, n). In this case G/G2 acts by conjugation on the abehan group G2 and we have Lemma. Let G be a metabelian p-group of type (m + 2, n), m > 2, <¡> the natural homomorphism <p: Aut(G) -» Aut(G2). Let s E G\$(G)GX and denote a = <¡>(s). Let R be the subring of End(G2) generated by a. Then Proof, (a) By (1.9) G2 is a cyclic R-module generated by s2. Since R < End(G2), G2 is a faithful R-module. Hence G2 = R as R-modules. • (p -l)2.
(b) B AA and A is a splitting extension of B by a p'-Hall subgroup Q, where Q is isomorphic to a subgroup ofZp_x X Zp_,.
Proof. We omit the proof of this theorem, as it is straightforward.
2. The structure of the Sylow p-subgroup of Aut(G). It is well known (e.g. [7, Corollary 1] ) that if G is a finite p-group then Aut(G) has the following normal series: 1 AK A Aut(G), where K is the set of all the elements of Aut(G) which fixes G/K2(G) elementwise and Aut(G)/.rv is isomorphic to the subgroup of all elements Aut(G)/K2(G) which can be extended to an automorphism of G. Obviously G AK. In Theorem 2.3 we show that for p-groups of type (m, n), K is a splitting extension of G by a subgroup of Aut(G) which fixes a generator of G. Also, a lower bound for | K | is given. Proof, a is a well-defined map of G on itself. We prove, by induction on | G |, that a is an automorphism. Let Gw be the first abelian G, and denote Hw = (Gw, s). Then Hw is a p-group of type (m -w + 1, w) by (1.10) and it follows easily from (1.9) that ow, the restriction of a to Hw, is an automorphism of Hw. Let H2 = (G2, s) and assume, by induction, that a2 is an automorphism of H2. We prove that a is an automorphism of G. By induction [s°, s°] (2) [s"a,s1] = l.
(1) and (2) imply (*).
Assume now that G2 is abelian. Let notation be as in Lemma 1.11 and denote by a2 the restriction of a to G2. Then a2 E R, by the definition of a. Since s¡, [s¡, sx] Finally, if v E G, \ G2<t>(Gx) then by the collection formula
where dfs, v) are certain commutators in s and v. If vx = v", then since dfs, v), sp", vp" E G2,
((svfy = IsWRdAs, v)Y = (sp-yiv'-yJldXs, vy
and since Gx/G2 is cyclic, this proves that a E Aut(G). The other direction follows from Witt's identity with a -sx, b = s~x and c = a in formula (8) In particular saTa 'T ' = s mod G3. Clearly j,"™ 'T ' = s, mod G3. This proves Step I.
Step IL [a, t] G G2Ai+k_xAm_x \G2Ai+kAm_x for / + A: < m -1 and [a, t] G G2Ai+k_xAm_x for i + k > m -1. Let t G Aut(G) satisfying [i, t] = sxx, [sx, t] E G3. We show that t induces an automorphism on R by t: 2a,*' ^2a,(-x + .V + xy)'.
Here x and y-are as defined in the lemma. Obviously t maps R onto itself; hence by Lemma 1.11(b) it suffices to show that if y = f(x), f(t) E Z[t], then t + f(t) + tf(t) E I and 2 (f)(t+f(t) + tf(t)y^El.
Here I = (tm,((l + t)p" -l)/t) and we have written t instead of t -1 in Lemma 1.11 (b) . As /(/) G t2R, by the definition of sx, t + f(t) + tf(t) E tR and (d) It is not difficult to see that A3 is generated by (a, | a,: sx -» í,í,., 3 < / < p" + 2). Hence A3 is generated by p" -1 elements and B = G>43 is generated by p" + 1 elements. Every p-subgroup of GL(2, Zpn) can be generated by 3 elements. Hence P is generated by p" + 4 elements. and Z,(B0/Z2(B0)) s Z,(R,/Z(R,)). Consequently Z,(fi0) = Gm_,+ ,^m_,_,.
4. p-groups of maximal class. By definition a p-group of maximal class is a p-group of type (m, 1). In this case Gt/Gi+, is of orderp for 1 < i < m -1 and also A¡/Aj+X is of order p. This makes it possible to strengthen the results of the previous sections. (a) G can be embedded in a p-group H of type (m + 1, n) if and only if G has an automorphism t such that (1) t: s -* ssx, t: sx -» sxu, where a G Z, 1 < a <p -1, (a, p) = 1 andu E G3.
(2)rp" G G,tp"~' G G.
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